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Abstract
Dynamics in a triangular-lattice Hubbard model is studied at half ﬁlling on the basis of the
cluster dynamical mean ﬁeld theory. Numerical calculations use a solver of the continuous-
time quantum Monte Carlo method based on the strong-coupling expansion. We examine the
change in the nearest-neighbor dynamical correlations of doublon and holon in the time do-
main with varying the Coulomb repulsion near the Mott transition. We demonstrate that the
nearest-neighbor doublon-holon pair shows a strong attractive correlation, particularly in the
insulating phase, while the nearest-neighbor doublon-doublon pair shows a repulsive correla-
tion. Useful information is provided by the trajectories in the complex plane of the dynamical
correlation functions. The short-time dynamics of the nearest-neighbor doublon and holon in
the metallic phase indicates larger ﬂuctuations than in the insulating phase. Their trajectories
in the complex plane show that the short-time dynamics of the doublon-holon pair has an op-
posite behavior to that of the doublon-doublon pair. We ﬁnd that their time scale of dynamics
can be characterized by the period in which the phase rotates π around the long-time limit in
both phases. In the long-time region, ﬂuctuations persist up to a very long time in the metallic
phase, while they quickly vanish in the insulating phase.
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1 Introduction
The Mott metal-insulator transition is one of the central topics in strong correlated electronic
systems. The original Mott transition takes place inside the paramagnetic phase at a ﬁnite
temperature without accompanied by magnetic transition and magnetic frustration is important
to realize it. Its phase diagram has been understood theoretically as the singularity in the
density of doublons (doubly occupied sites) or holons (hole sites) [1]. Behaviors of doublons
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have been theoretically investigated for the Hubbard models on several lattices with varying the
electron correlation, particularly near the Mott transition. Moreover, based on investigations
of correlations between doublon and holon, it was suggested that there emerges a bound state
between doublon and holon in the insulating phase and that the Mott transition is characterized
by the binding and unbinding of the doublon-holon pair [2, 3, 4, 5]. Recent studies of the Mott
transition include critical properties [6, 7, 8, 9, 10, 11] and dynamical properties [11, 12, 13,
14, 15, 16, 17, 18]. Understanding of the criticality of the Mott transition in thermodynamics
has progressed through the analysis of the singularity in doublon near the critical end point
of the Mott transition [8, 9, 10, 11]. Some theoretical groups have investigated dynamical
spin and charge susceptibility [12, 13, 14, 18] or optical conductivity [11, 15, 16, 17] for the
Hubbard models and reported a clear diﬀerence in the spin and charge dynamics between in
the metallic and in the insulating phases. However, the dynamics of doublons has not been
well understood. This is the main issue of this paper, and we will demonstrate clear diﬀerences
in doublon dynamics between the metallic and the insulating phases in a frustrated Hubbard
model. Some results of our study were published in [19].
In this paper, we use the cluster dynamical mean ﬁeld theory (CDMFT) [20], and numer-
ically study the dynamics of doublons and holons in the triangular-lattice Hubbard model at
half ﬁlling. We focus on dynamical correlations of doublon and holon near the Mott transition
and discuss their behaviors.
2 Model and Method
The model to study is the one-band Hubbard Hamiltonian on the isotropic triangular lattice
at half ﬁlling,
H = −
∑
〈i,j〉,σ
c†iσcjσ + U
∑
i
ni↑ni↓ − μ
∑
i,σ
niσ. (1)
Here, the nearest-neighbor-hopping amplitude is set to be unity and this will be used as units
of energy. U is the on-site Coulomb repulsion, and since the model lacks electron-hole sym-
metry, we need chemical potential μ to enforce half ﬁlling. ciσ(c
†
iσ) is the electron annihilation
(creation) operator at site i with spin σ and niσ = c
†
iσciσ. In the following, we will examine real-
time correlations and they are calculated from their imaginary-time correspondences through
the analytic continuation in the frequency space. The imaginary-time correlations (one- and
two-electron Green’s functions) are calculated by the CDMFT with a three-site triangular clus-
ter implemented with the continuous-time quantum Monte Carlo (CTQMC) method based on
the strong coupling expansion [21]. In our CDMFT calculations, we consider a paramagnetic
solution and this is a physical solution in the region considered.
We investigate the dynamical correlations between nearest-neighbor sites for real time t for
doublon density dˆj ≡ nj↑nj↓ and holon density hˆj ≡ (1 − nj↑)(1 − nj↓). For example, the
doublon-holon correlation between the sites 1 and 2 inside the three-site triangular cluster is
deﬁned as
Sdh(t) =
1
2
[〈dˆ1(t)hˆ2(0)〉+ 〈hˆ2(t)dˆ1(0)〉], (2)
where 〈· · ·〉 denotes thermal average at temperature T . The doublon-doublon correlation Sdd(t)
is deﬁned similarly. Due to the triangular symmetry of the cluster, correlations between the site
1 and the other neighbor site 3 are identical to those between the sites 1 and 2, since the lattice
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Figure 1: Dependence on U of nearest-neighbor equal-time correlations deﬁned by Eq. (4). P dh
(P dd) is the result of the correlation between doublon and holon (two doublons).
rotation symmetry is never broken in our calculations. Generally, the dynamic correlations
Soo′(t) (o and o
′ are d or h) have complex values and converge to 〈oˆ〉〈oˆ′〉 at t = ∞, and this
value is real and depends on U . Therefore, we investigated the change
ΔSoo′(t) = Soo′(t)− 〈oˆ〉〈oˆ′〉 (3)
upon controlling U at T ﬁxed.
For calculating ΔSoo′(t), we ﬁrst obtain the corresponding correlation function for Mat-
subara frequency ΔSoo′(iωn) averaging over 512 CTQMC samples. We then calculate the real
frequency quantity ΔSoo′(ω) by analytic continuation iωn → ω+i0 using the maximum entropy
method (MEM) [22]. Finally, we perform its Fourier transformation and obtain the real time
correlation ΔSoo′(t).
3 Numerical Results and Discussions
Since our main concern is the diﬀerences between the metallic and insulating phases, our ﬁrst
task is to ﬁnd their boundary in the U -T parameter space and we do this by investigating a
singularity in the doublon density d ≡ 〈dˆ1〉 with varying U at ﬁxed T ’s. While d shows only a
smooth crossover at high T ’s, it shows a jump and hysteresis at low T ’s and this corresponds
to the ﬁrst-order Mott transition. Repeating this for various T ’s, we identify a line of the ﬁrst-
order Mott transition and ﬁnd its critical end point located at U∗ ∼= 9.4 and T ∗ ∼= 0.10 [19]. In
the following, we always use the temperature at T = 0.08 < T ∗, for which the Mott transition
is at Uc = 9.4, and compare dynamical quantities between the metallic phase (U < Uc) and the
insulating phase (U > Uc).
Let us start with examining equal-time correlations between nearest-neighbor sites Soo′(t =
0) = 〈oˆ1oˆ′2〉. Since 〈oˆ〉 and 〈oˆ′〉 themselves vary with U , we introduce the following ratio to
characterize correlations between nearest-neighbor sites
P oo
′
=
〈oˆ1oˆ′2〉
〈oˆ〉〈oˆ′〉 , (4)
where oˆ and oˆ′ are dˆ or hˆ. This is interpreted as follows. For P oo
′
> 1, oˆ and oˆ′ attract to
each other, while they repel when P oo
′
< 1. Figure 1 presents U -dependence of P dh and P dd.
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Figure 2: Nearest-neighbor dynamical correlations ΔSoo′(t) between (a) doublon and holon and
(b) two doublons for two U ’s. Upper (lower) panel is the real (imaginary) part.
We ﬁnd that P dh > 1 and its value is large. This means a strong nearest-neighbor attractive
correlation between doublon and holon. Moreover, we ﬁnd that this attraction increases with
increasing U and the enhancement is twice or larger in the insulating phase. In addition,
the correlation between two doublons is opposite, indicating repulsive correlation. Although
their repulsion is also enhanced in the insulating phase, this enhancement is smaller than the
doublon-holon case.
More remarkable diﬀerence between the metallic and insulating phases is dynamical cor-
relations between nearest-neighbor sites [19]. Figure 2 (a) and (b) show the doublon-holon
dynamics ΔSdh(t) and the doublon-doublon dynamics ΔSdd(t), and the data in the metallic
(U = 8.0) and insulating (U = 10.5) phases are compared in each panel. These two U -values
are detuned from the transition point nearly equally. In the short-t region, we ﬁnd that the time
dependence is similar for the metallic and insulating phases in both each correlation function.
However, the amplitude is larger in the metallic phase, which is consistent with our expectation
that the metallic phase has larger ﬂuctuations in the doublon and holon dynamics. We also
ﬁnd that the characteristic time in the short-t region is roughly 2π/U in both phases. Going
back to the frequency domain, this time scale is related to a broad structure around ω = U in
ΔSoo′(ω), corresponding to the incoherent dynamics of the excitations to the Hubbard band. It
is important to notice that the short-t dynamics of the doublon-holon pair behaves diﬀerently
from that of the doublon-doublon pair. The doublon-holon pair decays as t elapses and this pair
life time lengthens in the insulating phase. In contrast, the doublon-doublon pair starts to be
dynamically formed with retardation and therefore ΔSdd(t) increases with time. Its formation
occurs faster in the metallic phase than in the insulating phase. This diﬀerence is more clearly
manifested in trajectory of Soo′(t) in the complex plane.
Figure 3 shows the trajectories of the doublon-holon pair Sdh(t) (dotted blue line) and the
doublon-doublon pair Sdd(t) (solid red line) in the metallic (U = 8.0) and insulating (U =
10.5) phases. The doublon-holon pair starts from a large value at t=0 and decays with phase
oscillation as t elapses. On the other hand, the doublon-doublon pair starts from a small value
and grows with phase oscillation. One may deﬁne that a characteristic time in the short-t region
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Figure 3: Trajectories of nearest-neighbor dynamical correlations Soo′(t) in the complex plane
between doublon and holon (d-h) and two doublons (d-d) in (a) the metallic phase (U = 8.0)
and (b) the insulating phase (U = 10.5).
by the period in which the phase rotates π around the long-t limit Soo′(t = ∞). This time is
similar for both phases, and is about 0.3. This is consistent with the previous ﬁnding that the
other characteristic time deﬁned by 2π rotation is roughly 2π/U .
Note also that another important diﬀerence between the two phases is long-t behavior [19].
In the insulating phase (U = 10.5), the correlation is very small after t ∼ 2 and its value is
almost vanishing. The correlation in the metallic phase (U = 8.0) is in sharp contrast, persisting
up to a long time t ∼ 50 − 60. As shown in Fig. 3, the trajectory plots demonstrate that the
metallic phase has a very complicated oscillation up to a long time, while the oscillation in the
insulating phase vanishes quickly and also simply. This diﬀerence between the two phases does
not depend on whether a pair consists of doublon and holon or two doublons. The analysis
of ΔSoo′(ω) shows that the low-ω peaks, particularly a sharp peak around ω = 0 due to
coherent quasiparticles dynamics, dominate the long-t dynamics and these peaks disappear in
the insulating phase for both of ΔSdh(ω) and ΔSdd(ω). Moreover, we ﬁnd that the results at
smaller U = 8.0 shows more structures in their t-dependence, which are due to the larger charge
ﬂuctuation in the metallic phase.
We also comment on the dynamics of a holon-holon pair. We have also investigated the
nearest-neighbor dynamical correlation between two holons [19]. Although the electron-hole
asymmetry of the model does not guarantee that ΔShh(t) has the same behavior as ΔSdd(t),
we have found that the the dynamics of the holon-holon pair exhibits a similar tendency to
that of the doublon-doubon pair shown in this paper, in addition to the feature of the nearest-
neighbor correlation.
4 Summary
In this paper, we have studied the nearest-neighbor dynamics of doublons and holons in the half-
ﬁlled Hubbard model on a triangular lattice by using the cluster dynamical mean ﬁeld theory.
We have demonstrated that the nearest-neighbor doublon-holon pair shows a strong attractive
correlation, and this attraction is enhanced greatly in the insulating phase. The doublon-
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doublon pair shows a repulsive correlation and its enhancement is smaller than that of doublon-
holon attraction. The results in the short-time region indicate that the nearest-neighbor doublon
and holon dynamics has larger ﬂuctuations in the metallic phase than that in the insulating
phase. The trajectories in the complex plane of the dynamical correlation functions shows
that the short-time dynamics of the doublon-holon pair has an opposite behavior to that of
the doublon-doublon pair. We have also found that a characteristic time in the short-time
region is deﬁned by the one in which the phase rotates π around the long-time limit, and
the time is similar for both phases. In the long-time region, all the pair correlations in the
metallic phase persist up to a very long time with a very complicated oscillation due to larger
charge ﬂuctuation, while the correlations vanish quickly in the insulating phase. Our results
demonstrate clear diﬀerences between in the metallic and in the insulating phases, which is
related to complex dynamics of doublons to several excitation process in the metallic phase.
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